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Abstract In this paper, a nonlinear saturation con-
troller is improved by using quadratic velocity coupling
term with time delay instead of the original quadratic
position coupling term in the controller and adding a
negative time-delay velocity feedback to the primary
system. The improved controller is utilized to con-
trol the high-amplitude vibration of a flexible, geo-
metrically nonlinear beam-like structure when the pri-
mary resonance and the 1:2 internal resonance occur
simultaneously. To explain analytically mechanism of
the saturation controlled system, an integral iterative
method is presented to obtain the second-order approx-
imations and the amplitude equations. It is shown that
the quadratic velocity coupling term can enlarge the
effective frequency bandwidth and enhance the per-
formance of the vibration suppression by comparison
with the quadratic position coupling term, and the linear
velocity feedback can suppress the transient vibrations.
The effects of different control parameters on saturation
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control are investigated. We found that time delays can
be used as control parameters to change the effective
frequency bandwidth and avoid the controller overload
risk. The analyses show that numerical simulations are
in good agreement with the analytical solutions.
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1 Introduction

If a system has quadratic nonlinearities, the saturation
phenomenon occurs when its natural frequencies are in
the ratio 1:2. The saturation control method based on
the internal resonance and the saturation phenomenon
is a novel one for vibration control. The applications
of the saturation control method have attracted consid-
erable attention in the past two decades, especially for
the linear main system [1-7]. Recently, there have been
more and more studies and applications of this method
for the nonlinear main system. Li et al. [8] employed a
saturation-based active absorber to suppress the high-
amplitude vibration of a nonlinear plant subjected to
principal external excitation. They found that the sat-
uration control would have a wide suppression fre-
quency bandwidth once the frequency of the absorber
was appropriately tuned. El-Badawy, El-Deen [9] and
Li et al. [10] applied a active nonlinear saturation-
based controller to suppress the free vibration of a self-
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excited plant. They demonstrated that the response of
the plant could be independent of its parameters when
the frequency of the absorber exactly equaled to half
of the natural frequency of the plant. In [11], the satu-
ration phenomenon and internal resonance is applied
to suppress the steady-state and transient vibrations
of helicopter rotor blade flapping. It is demonstrated
that the saturation control is efficient in suppressing the
steady-state vibrations. Warminski with his co-authors
[12] used a nonlinear saturation controller to control
the vibrations of a nonlinear beam subjected to self-
and externally excitations. They found that the sys-
tem might lose stabilities when the two type excitations
interacted near the fundamental resonance zone. In Ref.
[13], a nonlinear saturation controller was applied to
control the undesired vibrations of a nonlinear mag-
netic levitation. They concluded that the natural fre-
quency of the controller should be kept equal to one
half of the excitation frequency in the control process.

The saturation control method is effective and robust
near the resonance zone. However, the effective fre-
quency bandwidth of the controller is too narrow and
the transient vibrations are too long under the saturation
control. To solve this problem, Pai and his coauthors
[6] used quadratic velocity coupling term instead of
quadratic position coupling term in the controller and
added a negative velocity self-feedback to improve the
original saturation controller.

Time delay can be used as an important control para-
meter. For example, it can change the range of the satu-
ration control in [7] and can induces symmetry restora-
tion in an asymmetric bistable system in [14]. Zhao
and Xu [15] used the delayed feedback control and
saturation control to suppress the vibration of a two
degree-of-freedom dynamic vibration absorber system
with a parametrically excited pendulum. In Ref. [16],
Saeed and his co-authors concluded that time delay
could avoid the saturation controller overload and gen-
erate chaotic motions.

Inrecent years, the vibration control of flexible beam
systems has received much attentions [17-19]. In this
paper, an improved saturation control method is used to
control the transient and first mode steady-state vibra-
tions of a flexible, geometrically nonlinear beam. Based
on the saturation controller in [6], we improve the orig-
inal saturation controller in [20] by using quadratic
velocity coupling term with time delay instead of the
original quadratic position coupling term in the con-
troller and adding a negative time-delay velocity feed-
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back to the primary system. We divide three cases to
investigate the performance of the improved saturation
controller, i.e., (1) keep the natural frequency of the
saturation controller equal to one half of the natural
frequency of the primary system (o2 = 0); (2) keep
the natural frequency of the saturation controller equal
to one half of the excitation frequency(o; 4+ o2 = 0);
(3) keep the excitation frequency equal to the natural
frequency of the primary system(o; = 0). Effects of
different control parameters on saturation control are
studied for the above three cases. Finally, numerical
simulations are presented to validate the analytical pre-
dictions.

2 Mathematical modeling

The governing equations describing the first mode
vibrations of a nonlinear composite beam in Refs.
[8,12,16,20,21] together with the saturation controller
are in the following form

i+ 2uwu + a)%u +(x1u3 — ﬂ(uﬂ2 + uzii)
= fcos(2t) + f1 + fa, (1)

U+ 2Urwrv + w%v = f3.
where u denotes the response of the primary system,
v denotes the response of the saturation controller, w
is the natural frequency of the primary system, w1 is
the damping ratio of the primary system, « is the cur-
vature nonlinearity coefficient, 8 denotes the inertia
nonlinearity coefficient, i, is the damping ratio of the
controller, w; is the natural frequency of the controller,
f and £2 represent the forcing amplitude and frequency,
respectively. There are two different feedback control
strategies we consider in the following:
Feedback (1):f; = 0, f» = yv?, f3 = auv, it is
the original saturation controller in [20].
Feedback (2): f1 = —2Awu(t — 11), o =
yvi(t — 1), f3 = ai(t — 13)0(t — 13). We use
au(t — 13)0(t — 13) instead of «uv and add a nega-
tive velocity feedback —2 w1 (# — 71) to increase
the system damping, where 11, 72, 13 are time
delays.

3 The integral iterative method

Vibrations of various kinds with time delay can be
described by delay differential equations in the follow-
ing form
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-xl+)\-l-xl _¢l(-xla-xl’xlf’xlfa]xévxj’x]‘[ax]‘[a 8pia;) .X[k(t_f):/ Gi[f—f,a](ﬁi,k—l[ﬁ, .L.]do_

= @ilt, t|, i’ | = 9 Ly T T 0

¢ilt, 7l J (2) p
where x;; = x;(t — 7) and ¢, is a parameter. + 5;; (rj cosn;(t — )
Theorem 1 Every periodic solution of the differential +sisinn (t =), ®)
equation (2) is a solution of the integro-differential where
ti 22-24

equation(see [ )} 0. A =n?

a Pl T = 410,0,0,0,0,0,0, 05,11 4 # 12
xf<r>=/ Gilt, olgilo, t1do 910.0,0,0,0,0,0,05ep,, 11 21 7

0

2
n: .
+ ‘SA; (ri cosn;t + s; sinn;t), 3)
and time delay terms can be transformed into

2
xi(t—1) = / Gilt — 7, 0]¢ilo, T]do
0

2
+ 8;: (ricosni(t — ) +s; sinn; (t — 1)),

4)
. _ 1 (_L oo cosj(t—o) T
where Gilt, o] = + (3 + 232, 212, Gl
_ 1 (1 00 cos jtcos j(t—o)+sin jTsin j(t—o)
vol=z (n,- +25 i

are the corresponding generalized Green’s functions,
where

[
s =

2 2
is the Kronecker symbol, and 9 = 19;,’ =1- 5:;

A= ”1'2’ n; being an integer,

otherwise,

If Aj = ”12 (n; being an integer for the resonance
case), the parameters ri, s; can be determined by the
periodicity equations (see [22-24])

ri

1 2
—/ x;(t) cosn;tdt,
T Jo

Si

1 2
—/ x;(¢)sinn;tdt, @)
T Jo

which are equivalent to

2 2
¢ilt, t]cosn;jtdt =
0

¢;i[t, tlsinn;tdt = 0.
(6)

The solutions of (3) and (4) can be obtained by suc-
cessive approximations of xjx(¢), xjx(t — 1), k =
1,2, 3, ..., which are given by
2
Xk (1) = /0 Gilt, 11410, 1 do

2
+ 0 iscosibhusisingit)).  (7)

diklt, ] = pilxin(t), Xig (1), xix (t — T), Xi (t — 1),
Xjk(t), Xk (), xjp(t — 1), Xjp(t — 1) &, 1]
k=1,2,3,--- )

The integral equation method was introduced by G.
Schmidt [22]. In our previous works [23,24], we uti-
lized this method to deal with delay differential equa-
tions and demonstrated that the accuracy was remark-
able. However, the expressions of this method is not
rigorous when dealing with delay differential equa-
tions. In this section, we improve the integral equation
method by adding the Eq. (4) and rewriting the succes-
sive program. Now, we rename this improved method
as the integral iterative method because of more itera-
tive processes.

4 Amplitude equations

From the previously published works [1-13,15,16,20],
it is concluded that the saturation phenomenon occurs
when the primary resonance and the 1:2 internal reso-
nance occur simultaneously. To analyze the saturation
control, two detuning parameters o1, o, are introduced
as follows

2 =w; +01, w =2wy+ 0. (10)
We introduce a dimensionless time again by

1 1
tlzzgt, T1 ZEQT, (11)

Here, for simplicity, we still replace 71, 71 by , 7.
For the Feedback (2) controlled system, the Eq. (1)
can be transformed into the following form:

.. 4 .

U+4u = o7 [(2.{201 — 012)14 — niw12u — a1u3
l 2 .2 2.

+ 49 Buu” 4+ u”ii) + f cos(2t)

+yv3(t — 1) — A 20(t — t])] ,
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vV4+v = (o + o o1 +o v
2 2 ! 2 4 ! 2

1
+ Z.onn't(t — )0t — 13) — /szzﬂ'f)] )

(12)

For the Eq. (12), the corresponding generalized Green’s
functions are

A =4,

11 1
Gilt,ol=—| <+ s cos(t — o)
T |8 3

COS(] (t—0))

—= cos(Z(t — o))+ Z el E )
Gl e 1 ‘
1l —T,G]—n 8+3COS( —7—0)
_lcosz(l‘_f_o—)_i_zw ,
Jj=3 J
(14)
A =1,
111 COSj(t o)
Galt,ol=—| 5 = cos(t—o)—l-z — ,
(15)
1[1
Gyt —t,0]=—| = —cos(t — 7 —0)
T |2
+icosj(t—t—o) (16)
1—j2 '

j=2
From Egs. (7) and (8), we have the first approximation
in the following form

uy(t) = rycos(2t) + s1sin(2t), a7
v1(t) = rpcost + sy sint, (18)
ui(t — ;) = rycos(2t — 2t;) + 51 sin(2t — 21;),

(19)
vi(t — 1;) = rpcos(t — t;) + s sin(t — 1;), 20)

i=1,2,3,....
Substituting Eqs. (17)-(20) into Egs. (7) and (8), we
obtain the second approximations in the form

(1) /Zﬂ L] + ! cos(t ) ! cos 2(t )
u = — | =+ = —0)— — -0
2 o 7|8 3 4

[o¢] .
cosj(t—o) | 4
+2 | prle%a

—opui (o)

. 3 1 _» 2
—niw12u1(0) — ajui(o) + Z-Q Buy(o)ui(o)

+u(0)ii1(0)) + f cos(20) + yvi(o — 1)
— Aw182u1 (0 — 11)]do + ry cos(2t) + s1 sin(2t)

2 2 3
_ny sy (riB_ 3 il
BT Y- +( TARSTUS LR T

3r1s12a1 3 s?ﬁ
- cos(6t) + 16r1s1,8— 16 +

3 3
el )sin(6t)+(r1 +—'B +lr slﬂ— i

3r12s1a1
32022

s
32022 2 2

3r13a1 3r1s%a1 r1612 _ 2rioy 251wy
492 492 22 2 2
251 wq cos(21y) r22y cos(21) s%y cos(21p)
2 2022 2822
2riiwy sin(2ty)  ras2y sin(213)
+ cos(2t
o o7 (2n)

+

3r1251a1 3s13oz1 n s1012
4022 402 22

L) siB
+ (Sl +§7‘151ﬂ+ T+

25101 2r oy 2r1Awi cos(21y)
2 2 k94
5oy cos(2ty)  2s1Awq sin(2ty) r22y sin(213)
2822 2 2822
2 .
sin(2t:
+ %) sin(21), Q21

va(1) = /0” % |:l —cos(t—o)+2—cos](t_a):|

Jj=2 J
* (220 +02) - 201+ 092 0o
- - o o — =0 (o v1(o
o2 | \2 1 2 i 2 1
1
— U2 201 (0) + Z.onuh(o — 13)01(0 — 1'3)] do
+rpcost 4 spsint

2
20’1 2r201 (o)} 2r2 [op) 4sz 125X025)
= Ccost —
(”Jr @ T e T a

r2022 2ry01
— F1rp COS 73 + -3 =
2 2

— $1820COS T3

2
S0
+ rpsjasin 73 — ryspa sin t3) + sint (sz + — o2 1

2500107 S2022 25001 25000 4rppown
22 22 2 2 2
— rpS§1® COS T3 + F1S2( COS T3 — r{ 1 Sin 73

1
— s1820 sin 13) + cos(3¢) <§r1r2a cos(313)
1 1 .
-, gslsza cos(3t3) — grzslot sin(3t3)

1 1
— grlsza sin(31:3)) + sin(3¢) (—rzsloz cos(313)
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1 1
+ grlsza cos(3t3) + grlrza sin(3t3)
1
- gslsza sin(3t3)) . (22)

Substituting Egs. (21) and (22) into the solvability con-
ditions (5) yields

rfﬁ 1 5 f 3r13011 3r1s%a1 r1012
o TP T gt g T T
2rio1  2sipuiwy) . 2s1hwq cos($2ty)
o Q Q Q
3 r22y cos(£217) N s%y cos(£217) N 2r1lwy sin(§21y)
2422 2422 Q

1282y sin(£213)
+ s 0, (23)

s%_ﬂ + 151;"12/3 + 3s?o¢1 + 3s1r12a1 + s1012 _ Zon
2 2 4022 4022 22 2
2r1lwi cos($2tq) 7’227/ sin(£272)  2rypiw
2 2022 2
N 53y sin(227) N 2s1 A sin(21])
2022 2

182y cos(§21p)
- =0, 24)

r2012 2ry0102 7‘2022 2ry01 2ry07n

22 o2 2 Q Q
n 45y o wy 213 213
——== —rirpacos | — ) — syspxcos | ——
0 172 B 152 B

2 $2
+ rpsiasin (%) — rispa sin (%) =0, (25

82612 2510102 82022 25901  2s009

02 02 22 2 2

drppow) . (273 . (213
——== —rnasin| — ) —sysoasin [ —
2 2 2

2 2
— rps1 COS (%) + 150 COS (%) =0. (26)

For convenience to analyze the dynamics of the origi-
nal equation (1), we denote the amplitude of the pri-

mary system A =,/ rl2 + s12 and the amplitude of the
controller A =,/ 1’22 + s%. To simplify the above four

amplitude equations (23)—(26), we transform them into
the form of the Cartesian coordinates given by

(8A1111 2w + 8A1AQw] cos(27))) sin 6] + 3ATag
+4A107 — 841012 +8A11Rw) sin(217)
+2A302%) cos6) — 4f

oL fyl_llsl

27

(—8A 11 Q| — 84111 cos(271)) cos O] + (AT«
+4A107 — 8A1012 + 8A1ARw) sin(217)
+243822%)sin6) — 243y sin26; + 21) =0,  (28)

(A2o? +2A20100 + Agod —2A201 02
—2A20782) cos Oy — A Ara 2% cos (91 —0) + %913)
+4Ar1282wy sinbp =0, 29)

(A2012 +2A50107 + A2022 —2A201%2
2022 sinfy — Aj Ara2? sin (91 6+ %)
—4Ar 282wy coshr = 0. (30)

where r1 = Ajcosf;, s; = A;sinf, rp =

Azcosbr, s3 = Apsinf. To simplify Egs. (27)-

(30), we make some simple calculations in the follow-

ing:

Eq. (27)x cos 81+ Eq. (28) x sin 0 is

4fcosb) + 2A%y cos(01 —26r — 21p) = A1(4o-12
—8Q01 + A}(3a; +2827)

+ 8AR2w sin(211)) = 0. 31

Eq. (27) x sin 61— Eq. (28) x cos 0] is

8A1R2w (1 + Acos(£211)) =4 fsin b
+2A3y sin(d) — 26, — 21)). (32)

Eq. (29) x sin 6 — Eq. (30) x cos 8, is

Ar 24wy + A1a§2 sin(0) — 26, + %)) =0.
(33)

Eq. (29) x cos 6>+ Eq. (30) x sin 6, is

Az (01 + 02)(01 + 02 — 282)

0 34
—Aaf2? cos (01 — 20, + %)) —0. (34)

Solving Eq. (31)—(34) and eliminating cos 61, sin#,
cos(f1 —26;), sin(f; —26,) by means of the relations
cos 07 +sin 07 = 1, cos(f) —262)+sin(0) —26,)* =
1 yield the amplitude equations for two possible cases.

Case 1 The controller does not activate, i.e., A; #
0, Ay = 0, we have the amplitude equation on A
from (31) and (32)
162 = A3(6482%w? (ju1 + A cos(8271))?

+ (4o (01 — 282) + AT By +282%)

+ 81 Q2w sin(£211))?). (35)
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Case 2 The controller activates, i.e., A; # 0, Ay # 0,
then we have the amplitude equations from (31)—(34)
in the following form

(01 +02)* (01 + 02 — 282)°
+16302%% = A2a2 0%, (36)
162A%a? 2%

= [A%arzzmol (01 —292) + A?(3a; +2822)
1
+ 81w sin(211)) — 4 Lwo sin (E(ZQ + 1,'3).(2)

2
—24%y ((01 +02)(0] + 02 — 282) cos (%(212 + 13)9))]

+ [SA%a.Q%l (1 + *cos(271))

1
+2A%y (4u29w2 cos (5(212 + 7:3).(2)

2
+ (o1 + 02) (01 + 09 — 282) sin (%(21’2 + 13)9))] .
(37
For the Feedback (1) controlled system, the ampli-

tude equations can be obtained in the above similar
process.

Case 1 The controller does not activate, i.e., A} #
0, A, =0
(8A1u19a)1) + [4A1c71 + A3 1(Bay +2/3.Q )

(38)
— 8A10121> = 16 2.

Case 2 The controller activates, i.e., Ay # 0, Ay #0

(01 + 02)%(01 + 02 — 282)?
+16132%w3 = 4A%02, (39)
16[2A%a 1 Qw1 + A3y R,
+ [3A aag +4A1aal
A2y02 — 8A1a01 + 2A2y9(01 +07)82
+2A%aB 2% = 16A7 f2a?. (40)

A2y01 — 2A%y0102

5 Stability of periodic solutions

To study the stability of the periodic solutions of Eq. (1),

we first perturb the periodic solution u = us(t) =
2
‘rzz’;‘g)y +r1cos2t+s18in2t, v = vy(f) = rpcost +

s> sint (omit the higher order terms in Egs. (21) and
(22) because of the weak nonhneantles) by 1ntroducmg

Ol LN Zyl_i.lbl

by ua(t)+2z1(¢), v2(t)+2z2(¢) inEq. (12) and linearizing
in z1(¢), z2(¢), we obtain

. 4 .
1 +4z1 = o7 [(28201 — 012) 21 — piw1 221 — 3aqudz)

+ 192/3(14211 + 2upiindy + 2uziinzy + us%)
+2y0(t — )22t — ™) — A1 R21(1 — )]

(41)

i[(ln( fon) -t + )2)
3 01 T 02 401 02 22

Lt = o7

1
— o R2i + Zﬂzaizz(t - 134t —13)
1 . .
+ Zﬂz(xuz(l‘ —13)22(t — t3)] .

For convenience to investigate the stability of the
periodic solutions, the nonlinear terms in Eq. (41) are
written as

$1(1) = u3 (1)
= ag + aj cos 2t + ap sin 2t + a3 cos 4t
+ ay4 sin 4t;
$2(1) = ii3(1)
= by + by cos 4t + by sin4t;
$3(t) = ua(1)iin(1)
= ¢ + ¢1 cos 2t + ¢p sin 2t + ¢3 cos 4t
+ ¢4 sin4t;
G4(t) = ua(Hua(1)
= dj cos(2t) + dp sin(2t) + d3 cos(4t)

+dy sin(4t);
where
W B
072 T Taet T 20t Tagy
Cndy  ndy  dsy | sisdy
“=grtgr @=Tor Tor
712 512 2 2
a3 =— ——, as=rys1, by=2r]+2sq,
3 ) ) 4 151 0 1 1
by = —2r] +2sf, by = —4rsy,
2r1r2y 2r1s2y
_ 2 2 _ 2 2
co = —2ry —2s7, c1=— o7 T o2
2r2s1y 25183y
= — ?22 — Qg , 3= —2r12 + 2s12,
r22s1y sls%y
c4 = —4ris1, dy = "2 T o
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r1r22y rls%y
22 0227
_ _ 2 2
d3 =2r1s1, di=—ri+s7.

dy =

Eq. (41) change into
. 4 2 .
Z1+4z1 = o (28201 —o{)z1 — p1w1£221

1
—3a1p1(H)z1 + 1925(452(1)11 + 2¢4(t) 21
+2¢3(0)z1 + d1(1)Z1) + 2yva(t — )

. 4 1 1 5
Z2+z22= 59(014-02)—1(01—{-02) 22

22
1, . . .

+ ZQ ava(t — )21t — 13) — p2w2$222
1 . .

+ Zﬂzauz(t —13)2(t — 73):| .

Corresponding to the Floquet theory, the solution of
Eq. (42) can be written as

zi(t) = exp(p) Zi (1), i=1, 2. (43)
The above Egs. (42) change into

12apa;
02

Z1+42Z) = (boﬁ +2¢0f — p* +aofp* —

Aot 801 duwipo
o 2 2

+ai(Bp* R - 120!1)) cos(21) + %(ﬁ(h

1
+ 5B+ dip)2*

+2(c3 +d3p)) 2% + az(Bp> 27 — 12a1)) cos(41)
+ % (2B(c2 + d2p)$2* + ax(Bp*2° — 12a1)) sin(21)

1
+ E(ﬁ(bz +2(cs + dsp)) 2% + as(Bp* 2*

dexp(—pt)rpwi Z1(t — 11)
2

— 12a1)) sin(41)) Z1 (1) —

8exp(—p12)ray cos(t — 12)
+ o2
8exp(—p12)s2y sin(t — 12)
+ o2
4wy

) Zr(t — )+ (—2p

+2apBp — + 2B(d1 4 a1p) cos(2t) + 28(d3

+azp) cos(4t) +2B(dr + azp) sin(2t) + 28 (ds
+ayp) sin(41))Z (1) + (aoB + a1 B cos(21)

+ azB cos(4t) + a B sin(2t) + a4 B sin(4t))21 (1)
dexp(—pt)roi Zi(t — 1)

(44)

Zy + Z> = exp(—pT3)ap(sz cos(t — 13)
. o1 +o 2
i — ) Z1(t — 3) + (—p2 SR ki

2 4
L Hort o) /Lz;owz)z2

2 2
+2exp(—pt3)ap(s; cos2(t — 13))
—r1sinQ2(t — 3))) Z2(t — 13)
+aexp(—pt3) (52 cos(t — 73)
—rysin(t — 3))Z1 (t — 13)

4 .
_ (2p—|— “éwz) 7
+ 2 exp(—pt3)a(s) cos(2(t — 13))
— 1 sinQ( — 1)) Z2(t — T3). (45)

The first order approximate solutions of Eqs. (44)
and (45) can be expressed as

Z1(t) = po + p1cost + ppsint
+ p3cos 2t + p4sin2t, (46)
Zy(t) = ps + pecost + pysint.

Inserting (46) into (44), (45) and equating the coef-
ficients of same harmonic terms yield a set of linear
homogeneous algebraic equations governing the coef-
ficients po, p1, p2, p3. p4, ps. pe, pi-Since the
eight coefficients are not all zero, the determinant of
the coefficients matrix, which is the so-called Hill’s
determinant, must be zero. Expanding this determinant
yields

1 1
P!+ fi (exp (—Eﬂpn) ,exp (—E.Q,Orz) :
1
exp (—zﬂpts)) p"
1 1

+ -+ fis | exp _EQ’OTI , exXp _EQ’OTZ ,

(-321))
exp —E.Qprg, P

+ fie =0. 47)

Since Eq. (47) has many exponential type transcenden-

tal terms, numerical methods are resorted to solve this
equation. If the real parts of all characteristic exponents
are negative, the periodic solution is asymptotically sta-
ble. On the other hand, if the real part of at least one
characteristic exponent is positive, the periodic solu-
tion is unstable.
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6 Quadratic position feedback and quadratic
velocity feedback

In this section, the performance of the Feedback (1)
control and the Feedback (2) control are compared.
From the amplitude equations (36) and (39), we con-
clude that: if Feedback (1) is utilized, the amplitude of

pow?

the primary systemis A = wheno| = oy = 0;if
Feedback (2) is utilized, the amplitude of the primary
system is A] = 2|01L|2 when o1 = oo = 0. It follows
that: if a)% > 2, the vibration reduction effect of Feed-
back (2) is better than that of Feedback (1), but not vice
versa.

In the following sections, the parameters are fixed at
n1 =0.01, a1 = 14.41, p=0.93, y =0.01, pur =
0.0001, @ = 0.7, f = 0.05, w; = 3.06, unless oth-
erwise specified.

Figure 1 shows the frequency—response curves of
the primary system and the controller when o7 = 0.
It can be seen that the effective frequency bandwidth
of Feedback (2) is wider than that of Feedback (1) and
the frequency-response curve of Feedback (2) is lower
than that of Feedback (1) under the saturation control. It
means that the vibration reduction effect of Feedback
(2) is better than that of Feedback (1). However, the
controller has the high-amplitude response under the
Feedback (2) control when the excitation frequency is
far from the resonance point (i.e., o1 = 0). It follows
that the overload risk of the controller under Feedback
(2) control is greater than that under Feedback (1) con-
trol. In the following, our efforts are focused on the
Feedback(2) controlled system.

7 Effects of the control parameters

In this section, we divide three cases, i.e., 0o = 0;
o1 +02 = 0; 01 = 0todiscuss the effects of the control

parameters «, y, (42, A, T1, T2, T3 on the behavior of the
Feedback (2) controlled system.

(1) Effect of the feedback gain «

Figure 2al, a2 and a3 illustrates that increasing o
can broaden the effective frequency bandwidth of the
saturation controller and enhance the vibration reduc-
tion effect of the primary system. From Fig. 2b1, b3, we
observe that the overload risk of the controller increases
as the feedback gain « increases. Figure 2b2 shows that
the saturation controller in the case o1 +0> = 0 has the
widest effective frequency bandwidth comparing with
the two cases 0o = 0 and o1 = 0.

(2) Effect of the feedback gain y

From the amplitude equation (36), we observe that
the amplitude of the primary system is independent of
the feedback gain y . Therefore, the variation of y does
not affect the amplitude of the primary system. Figure 3
shows that increasing y does not affect the effective
frequency bandwidth of the saturation controller, but
it can suppress the vibration of the controller. So, the
feedback gain y can be used as an important parameter
to avoid the controller overload risk.

(3) Effect of the feedback gain A

Figure 4bl, b3 shows that increasing A can shrink
the effective frequency bandwidth of the saturation con-
troller for the two cases 02 = 0 and o1 = 0. Figure 4b2
shows that increasing X has little effect on the effec-
tive frequency bandwidth of the saturation controller
for the case o1 + 02. From Fig. 4 al, a2, a3, we observe
that increasing A can suppress the vibration of the pri-
mary system when the saturation controller does not
activate.

(4) Effect of the damping coefficient 7

Figure 5 shows that the smaller controller damping
ratio, the wider effective frequency bandwidth of the

Fig. 1 Frequency-response (a) (b)
i 0.25F " " 12F ) ' ]
curves of the saturation — Foodback @) —— Feedback (2)
controlled system when 020F 10¢ —— Feedback (1)]
- ; —— Feedback (1)

oy = 0, the solid line for ol 8F ]

. — 0.15¢ o~
stable so?utlons and the - < 6f
dashed line for unstable 0.10¢ af
solutions. a the primary 005t N
system; b the controller ) R ) . .

Ry 0.0 02 04 0T 00 0o 0.1 0.2
(0] Ul
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Fig. 2 Effect of varying o
on the frequency—response
curves: al, bl o, = 0; a2,
b2 oy + 0, = 0; a3, b3

o =0

Fig. 3 Effect of varying y
on the frequency-response
curves:aopy = 0; b
op+0,=0;¢c0o1=0
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Fig. 4 Effect of varying A (al) (b1)
on the frequency-response 0.25¢ o 1 12F =0
curves of the controller: al, 020F — 10,005 1o — 1=0.005
bl oy = 0; a2, b2 ost — 2=0.01 e N _ ;»;g-g;
b - A :
o1+0y=0;a3,b30; =0 o — =002 P ;:\' 6 N
0.10} v N ) 7
5 \y 4 Y 3,7
Y / ‘\\ s W
0.05 \ / ) N Ry
S \/ —— " 11y
0.00 b s Y \ 0 ‘ ‘ ‘ ‘ ‘
-04  -02 0.0 0.2 0.4 -02 -0.1 00 0.1 0.2 0.3
0 [
(a2) (b2)
030 i 3.160F
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0.20 o 130 — 005
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0.05 3.130F
0.00 E— , . .
-1.0 -0.5 0.0 0.5 1.0 0 5 10 15
28} 0
(a3) (b3)
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controller and the better vibration reduction effect of
the primary system. We also observe that the ampli-
tude of the controller increases as u, decreases. So,
the smaller the 5, the bigger the overload risk of the
saturation controller.

(5) Effect of time delay 1,

From the amplitude equation (36), we observe that
the amplitude of the primary system is independent
of time delay 7. Figure 6 shows the amplitude (A»)-
delay (12) response curves of the controller when oy =
07 = 0, A = 0. It can be seen that the amplitude (A»)-
delay (12) response curve is stable in the delay interval
[0, 0.12] and [1.88, 2.23]. Away from this range, the
saturation controlled system becomes unstable. The
appearance of time delay 1, can shrink the effective
frequency bandwidth and suppress the vibration of the
saturation controller as shown in Fig. 7a, c. So, time
delay 1, can be used as an important parameter to avoid
the controller overload risk. Figure 7b shows that time
delay t; has little effect around o7 = 0, and the sat-

@ Springer

uration controlled system may lose stability at some
values of time delay 1, for the case o1 + 02. So, time
delay 1, should be tuned to zero for this case.

(6) Effect of time delay 3

The effect of time delay 3 is similar to that of 7.
From the amplitude equation (36), it can be observed
that the amplitude of the primary system is indepen-
dent of time delay 73. Figure 8 shows that time delay
73 should be chosen in the interval [0,0.2]. For other
range of 13, the saturation controlled system becomes
unstable. Although the appearance of time delay t3 can
shrink the effective frequency bandwidth of the satura-
tion controller, it can suppress the vibration of the con-
troller as shown in Fig. 9a, c. So, the time delay 73 can
also be used as an important parameter to avoid the con-
troller overload risk. However, for the case o1 +07 = 0,
the saturation controlled system loses stability near
o1 = 0 and time delay 73 has little effect as shown
in Fig. 9b. Therefore, it is important to tune time delay
73 to zero for this case.
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Fig. 5 Effect of varying > (al) 035p . (b1) 10
on the frequency-response 0.30F —m=001 ¢
curves: al, bl 07 = 0; a2, 0.25 :ﬁ%f_%%%g 5
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31640 pro— N, effective frequency bandwidth for the case o7 = 0. Fig-
3.1635 ¢ /) \ ':' ure 11a2, b2 shows that time delay 7] has little effect
3.1630 F K \ / on the case o + 03 = 0.
\
o 31625 F / \ /
~ / \ /
3.1620 f / \ !
/] \\ l’
3.1615 ) \ / 8 Numerical simulations
/
31610 F /4 “\ /
’
= s s oA : First, the approximate results obtained by the integral
0.0 05 1.0 L5 2.0 25 3.0 . . . . .
o iterative method are compared with numerical simu-

Fig. 6 Amplitude A;-delay 7, response curve when o] = 0y =
0, 71=13=0

(7) Effect of time delay 71

For oy = o2 = 0, A = 0.01, the amplitude
(Ap)-delay (t1) curve has three stable segments: [0,
0.7], [1.35, 2.8] and [3.4, 4.85] as shown in Fig. 10.
Away from these ranges, the saturation controlled sys-
tem lose stabilities. For the case oo = 0, proper choice
of time delay t; can broaden the effective frequency
bandwidth as shown in Fig. 11al, bl. From Fig.11a3,

lations quantitatively. Figure 12 shows a comparison
of frequency-response curves obtained by the inte-
gral iterative method and numerical simulations when
oo =0, A =0, 71 =0, n» =0, 3 = 0.
Figure 13 shows a comparison between the approx-
imate solutions and numerical solutions for force-
response curves when o7 = 0, oo = 0, uy =
0.01, A =0.01, 71 = 0.1, »p = 0.05, 13 = 0.1. As
shown in these figures, the approximate solutions are
in good agreement with numerical simulations, which
indicates that the above analysis is valid.

Figure 14 shows time histories of the primary system
and the controller for three different cases, i.e., uncon-
trol, Feedback (1) control and Feedback (2) control.
From Fig. 14a, it is observed that the amplitude of the
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Fig. 9 Effect of varying 73

primary system under Feedback (2) control is almost
zero and smaller than that under Feedback (1) control.
Figure 14b shows that the amplitudes of the controller
under two different control is almost the same.
Figures 15 and 16 show time histories of the primary
system and the controller for y = 0.01 and y = 0.1,
respectively, where o« = 1, o} —0.28, 0p = 0. It
can be seen that the controller steady-state amplitude is
about 10 wheno =1, y = 0.01, 0 = —0.28, 0 = 0.
As y increases to 0.1, the amplitude of the controller
decreases to about 3. These figures show that increasing
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3.1620 7 ‘; R \'\' T ',tl the feedback gain y suppresses the steady-state vibra-
st6ist ! o ] tion of the controller.

Figures 17 and 18 show time histories of the pri-

31610 ¢ 3 mary system and the controller for A = 0 and A = 0.05

< 3.1605 | 1 respectively, where o1 = 0o = 0, 71 = 0. Figures 19

3.1600 | ] and 20 show time histories of the primary system and

31595 F ] the controller for A = 0 and A = 0.1 respectively,

21590 | ] where 01 = —0.5, 0o = 0.5, 71 = 0. To ensure that

e the saturation controller activates, the initial conditions
are takes as u(0) = 0.5, v(0) =4, u(0) = —1, v(0) =
1 in these figures. Comparing Figs. 17 and 18, we
Fig.10 Amplitude A>-delay 7j response curve when oy = oy = observe that the transient times to reach the steady-state
0, m=m=0 vibrations decrease greatly because of proper choice of

Fig. 11 Effect of varying (al) (b1)
71 on the 0.25F 2
frequency-response curves: o20f —
al, bl o, = 0; a2, b2 ’
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Fig. 13 Comparison of force-response curves between numerical solutions and analytical solutions obtained by the integral iterative
method when o1 =0, oo =0, up =0.01, A =0.01, 7y =0.1, o = 0.05, r3 = 0.1, a the primary system; b the controller
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Fig. 14 Time histories of the primary system and the controller when o7 = o0, = 0, A = 0, 1800 < ¢t < 1900, uncontrol;
1900 <t < 2000, Feedback (1) control; 2000 < ¢ < 2100, Feedback (2) control

Fig. 15 Time histories of (a) n (b) .r . . r

the primary system and the 04 15

controller when 02l 10

a=1,y=0.01, o1 = = -~

—0.28, o3 = 0, initial 5 00 3z 0

condition: 02 -5

u(0) =0.5, v(0) = 04 -10

8, w(0) =-1, v(0) =1 Bl . ‘ , s -15 . .
0 500 1000 1500 2000 0 500 1000 1500 2000

t t
Fig. 16 Time histories of (a) . , : . - (b) r : : ; :
. 0.6 |

the primary system and the

controller when 04 3

a=1,y=0.1, o = Py 0.2} -

—0.28, 0 = 0, initial 5 00 3 0

condition: -02

u(0) =0.5, v(0) = -04} -5

8, u(0) =—1, v(0) =1 ~0.6 :
0 500 1000 1500 2000 0 500 1000 1500 2000

t t

A. The same phenomenon can be observed by compar- 9 Conclusion

ing Figs. 19 and 20. However, Figs. 17 and 19 show

that the transient times required increase as the detun- To control the transient and steady-state vibrations of a

ing values o1, o7 increase. Combining these figures, it nonlinear composite beam, an improved time-delayed

can be concluded that proper choice of A can effectively saturation controller is proposed by using quadratic

suppress the transient vibrations. time-delay velocity coupling term instead of the orig-
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Fig. 17 Time histories of (a) : n (b)) - . . :
the primary system and the 0.4 10
controller when 02t 5
A =0, o1 =0, =0 initial - ' -
condition: 5 0.0 v 0
u(0) =0.5, v(0) = -0.2f -5
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Fig. 18 Time histories of (a) ' ‘ ' 7 (b)
the primary system and the 04f 5
controller when 02
L =0.05 0y =0r = 9 3 0
0, 71 = 0, initial condition: =] 00 >
u(0) =0.5, v(0) = -0.2f _5
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Fig. 19 Time histories of (a) T T
the primary system and the 0.4F
controller when 0.2t
L=0, oy =-0.5, op = - 00
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Fig. 20 Time histories of (a) n (b)) - ; .
the primary system and the 04 4
controller when 5
L=0.1, 01 =05 0= = 02 -
0.5, 71 = 0, initial S 00 v 0
condition: -2
u(0) = 0.5, v(0) = -02 4
4, 1(0) =—-1, v(0) =1 -04L ‘ . . . , , . . .
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inal quadratic position coupling term in the controller ical simulations both quantitatively and qualita-
and adding a negative time-delay velocity feedback to tively.
the primary system. A new analytical method named (2) The quadratic velocity coupling term can enlarge
the integral iterative method is utilized to derive the the effective frequency bandwidth and enhance
second-order approximations and the amplitude equa- the performance of the vibration reduction by
tions when the primary resonance and 1:2 internal res- comparison with the original quadratic position
onance occur simultaneously. Then, the stability of the coupling term. In addition, the linear velocity
periodic solution is investigated using the Floquet the- feedback can effectively decreases the transient
ory. From the above analysis, the main results are sum- times.
marized as follows. (3) The performance of the improved saturation con-

(1) The analytical predictions based on the integral
iterative method is in good agreement with numer-

troller can be enhanced by properly adjusting the
control parameters «, y, A, 2, 71, T2, T3. Increas-
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ing o or decreasingu, can broaden the effective
frequency bandwidth of the saturation controller,
but increase its overload risk. However, increasing
y and proper choices of 71, 13, T3 can avoid the
occurrence of the controller overload.

(4) Proper choice of time delay 71 can enlarge the
effective frequency bandwidth of the saturation
controller.

(5) Similar to the previous work [6], the saturation
controller should be designed for two different
cases. First, if the natural frequency of the pri-
mary system is easily changed and the excitation
has a single frequency, device should be designed
to trace the excitation frequency and keep the nat-
ural frequency of the controller equal to half of
the excitation frequency in the control process. In
this case, the saturation controller possess a wide
effective frequency bandwidth. Second, if the nat-
ural frequency of the primary system is not easily
changed, we should keep the natural frequency of
the controller equal to one half of the natural fre-
quency of the primary system.

10 Comparison with previously published work

In Ref.[20], Warminski selected four different con-
trollers including nonlinear saturation controller (NSC)
to suppress the nonlinear composite beam vibration and
found that the PPF and NSC controllers are most effec-
tive. Based on the model in [20], Saeed [16] et al stud-
ied the effects of time delays on the saturation control.
They found that time delays in the saturation controlled
system can change the controller’s frequency band-
width and can avoid the occurrence of the controller
overload. However, the coupling term in the controller
is of quadratic position. In other words, the system
in the previous two works [16,20] is under the Feed-
back (1) control. In [6], the authors proposed a refined
vibration absorber that applied to a linear beam model.
They found that the quadratic velocity coupling term
enables the saturation controller to suppress the vibra-
tion of the primary system to zero, but the quadratic
position coupling term cannot, and a negative velocity
feedback can suppress the transient vibrations. So, in
this paper we improved the NSC controllers in [16,20]
by using quadratic velocity coupling term in the con-
troller with time delay and adding a negative time-delay
velocity feedback to the primary system. We found that

@ Springer

the quadratic velocity coupling term can enlarge the
effective frequency bandwidth and enhance the perfor-
mance of the vibration by comparison with the original
quadratic velocity coupling term in [16,20].
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